Abstract. The problem of de ning an e cient procedure to sort the magnets in a circular accelerator is considered. Using a simpli ed model of the LHC, we analyze the e ects of random errors on the dynamic aperture. Di erent quality factors are proposed to measure the performances of a given lattice. These quantities are based on the analytical tools of nonlinear maps and normal forms. The correlation between quality factors and dynamic aperture is analyzed and a sorting strategy, based on these indicators of nonlinearity, is proposed. A comparison of the results with a sorting method based on local compensation is given.
INTRODUCTION
One of the sources of instabilities in large hadron colliders are the multipolar errors in the magnetic elements (1); strong nonlinearities endanger the stability of the beam, driving it on dangerous resonances, and causing a reduction of the stable domain in phase space. Multipolar errors can be separated in two components: a systematic one, which is the same for all the magnets, and a random one, which varies for magnet to magnet according to a given distribution (usually a gaussian).
E cient strategies for the correction of the systematic errors have been developed in the last years: they are based on the insertion in the lattice of corrector elements whose nonlinearities are powered to compensate the effects of the imperfections and thus maximizing the stability domain. In order to evaluate the best values of the gradients of the corrector elements, both analytical and numerical techniques have been developed; in particular, the analytical approach of normal forms turned out to be a very useful tool for an e cient solution of this problem (2, 3) .
In order to correct the e ect of random errors, the possibility of sorting the magnetic elements has been considered (4, 5, 6) . The idea is to determine, among all the possible sequences of magnets, the one which maximizes the dynamic aperture. Di erent rules were proposed to nd the best permutation, ranging from the principle of local compensation of the errors (5), to the evaluation of resonance widths using canonical perturbation theory (6) . Since the evaluation of the best sorting rule requires the computation of the dynamic aperture for many di erent machines, the main ingredient in a sorting strategy is a good indicator of nonlinearity (quality factor) which is strongly correlated with the dynamic aperture, and can be evaluated in a much shorter CPU time. In this way one can select the best permutation using the quality factor, and check a posteriori the validity of the solution obtained with tracking.
In this paper we consider a simple model based on the lattice of the LHC in order to test the validity of three quality factors: -Q 1 : norm of the nonlinear part of the transfer map of the lattice. -Q 2 : norm of the detuning coe cients computed through normal forms. -Q 3 : norm of the resonant terms in the interpolating hamiltonian obtained via resonant normal forms. For the evaluation of the quality factors and of the dynamic aperture, only normal random sextupolar errors are considered. The systematic component is neglected as it can be compensated by using the nonlinear correctors.
QUALITY FACTORS DEFINITION
We consider the betatronic motion in a hadron accelerator; the single particle dynamics is described by the one turn map M (7) which transforms the initial transversal coordinates x = (x; p x ; y; p y ) of a single particle to the coordinates of the particle after one turn of the machine. M is a nonlinear function whose linear part is the Twiss matrix (8) .
We rst perform a linear transformation to express the linear part of M in diagonal form. Then, by introducing complex diagonal coordinates z = (z 1 ; z 1 ; z 2 ; z 2 ) ( denotes the complex conjugate), we can further transform M into a complex map F, which explicitly reads (1) where N is the truncation order of the map, ! 1 
This quality factor depends on the truncation order of the map N and on the amplitude A where the norm is evaluated. According to the value of A, one gives a di erent weight to the various orders of the map; we propose to x A to an amplitude which is the average dynamic aperture for a set of 100 di erent random sequences.
Q 2 : Norm of the Detuning
According to the nonresonant normal form theory (7), one performs a nonlinear transformation which conjugates the map F to a map U (normal form) which is an amplitude-dependent rotation: The tuneshift quality factor Q 2 is the norm of the detuning terms, and it is given by Q 2 (A) = M X k=1 k A k : (7) The amplitude A has the same physical meaning as in the de nition of Q 1 . M is the maximum tuneshift order, and must satisfy 2M + 1 N.
Q 3 : Norm of the Resonant Coe cients
According to the resonant normal form theory (9,10), one can perform a nonlinear transformation which conjugates the map F to a map U (resonant normal form) which can be written as a Lie series U = e D H ; (8) where H( ) is an hamiltonian which is invariant under the symmetry group which de nes the resonance. A description of resonant normal forms in the 4D case can be found in (9) . In this work we consider single-resonance theory, i.e. when the nonlinear tunes x ; y satisfy the condition q x + p y = l, with q 2 N and p; l 2 Z; the order of the resonance is given by q+jpj. According to normal form theory, for each resonance q; p] one can de ne a normal form and an interpolating hamiltonian H. The quality factor Q 3 is de ned as the norm of the resonant terms of the hamiltonian (i.e. of all the coe cients except that one which produce detuning), weighted by the amplitude A. For 
RESULTS
The rst step in our analysis has been the study of the correlation between the quality factors and the dynamic aperture. The stable region is computed by tracking initial conditions through the lattice model for 10 3 turn. The computation of Q 2 and Q 3 is performed using the code (10) . Di erent sequences of random errors have been considered and both the dynamic aperture and the quality factors have been evaluated. The results are shown in Fig. 1 . The analysis of the data shows that the best quality factor is Q 2 . The norm of the map Q 1 shows a weak correlation, and some resonances (for instance 3; 0] and 5; 2]) have some correlation, whilst some other have no correlation at all. One also remarks that resonances very far from the working point can have a good correlation; indeed, a criterium for determining a priori which resonances have good correlation seems very hard to be worked out.
From these results, we have decided to base the sorting procedure on Q 2 : a sequence of random errors is generated and they are grouped in doublets such that the errors compensate each other within ever couple as much as possible (i.e., we paired negative with positive errors). Then, the sequence of doublets is randomly rearranged 100 times, and for every new ordering the quality factor Q 2 is computed: the`good' sequence is the one which minimizes Q 2 . The results of the dynamic aperture evaluated through tracking are shown in Fig. 2 . FIGURE 2. Dynamic aperture distribution for three di erent situations: RAND i.e. unsorted sequences; SORT1 i.e. sorted sequences according to local compensation; SORT2 i.e. sorted sequences according to our sorting procedure based on Q 2 . The fourth graph (lower left) is a superposition of SORT1 and SORT2. The distributions are obtained by using 100 sequences.
The distributions of dynamic apertures for 100 di erent sequences of random errors are depicted. Three di erent situations are considered: unsorted sequence, sorted sequence according to the local compensation de ned in (5) and sorted sequence according to Q 2 . The average dynamic aperture is increased by a factor three by using both sorting procedures, and moreover the scheme based on Q 2 seem to give better results than that one based on local compensation.
CONCLUSIONS
From our analysis we can conclude that the detuning quality factor Q 2 has the highest correlation with the dynamic aperture for the analysed model. We believe that a theoretical explanation of this fact is very hard to give, and moreover that the best quality factor depends on the model. Therefore, we proposed the following strategy, made up of three steps: 1) the best quality factor is evaluated for the model, using tracking; 2) a sorting rule based on the quality factor is implemented; 3) a check of the e ectiveness of the rule is made with tracking. This method seems to be very exible, and the small amount of CPU time required for the evaluation of the quality factor allows a wide search of the best permutation. For the LHC cell-lattice considered in this paper, this strategy was found to be very e ective.
